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I. INTRODUCTION 



Discrete symmetries have been extensively used in an attempt to describe the observed 



patterns in fermion masses and mixing angles (for a thorough list of references see 
Typical scenarios include some of the following ingredients: 



US 



Introduction of a flavor symmetry, usually a product between a non-abelian and several 
abelian discrete groups. There can be different groups for different sectors (quark or 
leptonic) or only for one of the sectors. 

Introduction of heavy right-handed neutrinos. This provides Dirac and Majorana 
mass terms for neutrinos and allows one to consider, for example, generation of small 



neutrino Majorana masses using some version of the seesaw mechanism J4]. 

Introduction of several scalar fields charged under the flavor symmetry that may or not 
acquire vacuum expectation values (vevs), thus breaking or not the flavor symmetry. 
These scalars may or not be singlets under the Standard Model (SM) gauge group. 
Typically there are high energy scales associated to the vevs of these fields (when they 
are singlets under the SM gauge group). With a few exceptions, the extended scalar 



sector can have collider relevant phenomenology 



Neutrino masses can be generated, in addition to the seesaw mechanism, through 
higher order operators that violate lepton number [3] or through quantum (radiative) 



corrections 



io|. 



It is important to note that the ingredients above can be used in the frameworks (or 
combination thereof) of supersymmetric and non-supersymmetric models, Grand Unified 
Theories, extra dimensional models, and so on. Also the list is not exhaustive and includes 
only some of the most important and general considerations. 

Among the possibilities generated by these in gred ients, one that has been recently ex- 



plored consists of creating renormalizable models |llMl3|. i.e. models that forbid the inclu- 
sion of higher (> 4) dimension operators. There are two main challenges in this approach. 
First, it is highly nontrivial to create a model based on a single discrete group that can 
accommodate both quarks and leptons. Second, since no higher order operators are allowed, 



obtaining small neutrino masses is not trivial. For example in 12j a renormalizable model is 



2 



investigated that uses the discrete group T' x Z 2 , and where neutrino masses are generated 



by the seesaw mechanism. Another example is the work in |13( where a renormalizable 
model with flavor symmetry Gp = S4 x Z\ x Z\ x {Z 2e x Z 2 ^ x Z 2t ) is presented. Neutrino 
masses however are generated by the dimension 5, non renormalizable operator LLcfxf)/ A. 

In this paper we present a model based on the single discrete group T', the double 
tetrahedral group, that accommodates both the quark and leptonic sectors. The model is 
renormalizable and neutrino masses are generated radiatively. In order to accomplish this 
we introduce several scalar fields charged under hypercharge and lepton number. T' is the 



smallest group we find to work under all of these considerations (see 
models based on this group). 



14-2611 for different 



II. A MODEL WITH QUARKS, LEPTONS AND T 

We present a model based on the discrete group T' that is renormalizable, i.e. we do 
not use higher dimension operators in order to generate patterns nor hierarchies. It only in- 
cludes the Standard Model matter content and thus does not include right-handed neutrinos. 
Neutrino masses are thus zero at tree level and get generated only radiatively. The scalar 
sector is extended to include three SU(2) doublet fields, as well as a set of SU(2) singlet 
fields charged under lepton number and hypercharge that explicitly break lepton number 
conservation. These fields are needed in order to generate neutrino masses radiatively. 

X" is the group of all 24 proper rotations in three dimensions leaving a regular tetrahedron 
invariant in the SU(2) double covering of SO(3) [l^ . It has seven irreducible representa- 
tions: 1 three singlets, 1° and l 1 * 1 , three doublets, 2° and 2 ± , and one triplet, 3, with the 
following multiplication rules: 

1®R=R®1=R 2©2=1©3 

2®3 = 3®2 = 2°©2 + ©2-3®3 = 3©3©l ©l+©l- 

where R stands for any representation. Triality flips sign under Hermitian conjugation. 

As stated above, the matter content of the model is exactly that of the SM. All matter 
fields transform as 2° © 1° under T', and there are no right-handed neutrinos. The scalar 
sector contains three SU(2) doublets (Y = 1/2): H s , and H D = (H^H^) with the V 

1 See appendix El for more details about T 1 . 
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transformations 

H s ~ 1°, H D ~ 2, (2) 
and three SU(2) singlet, F = —1, L = 2 scalars /i s and /r = (/if, /if) transforming as 



h s ~ 1° and h 



D o 



(3) 



Given these assignments the Yukawa mass matrices have the following representation 
structure: 



Y 



u,d,l 



3© 1° 


2° 


2° 


1° 



(4) 



and all neutrinos are massless. 

Fermion masses (except for neutrinos) are generated when the electroweak symmetry 
gets broken by the vacuum expectation values (vevs) of the SU(2) doublet scalars, which we 
assume take the following form: 2 



(H D ) = (0,v 2 ), and (H s ) = (v s ). 
We now proceed to describe the quark and lepton sectors separately. 



(5) 



A. Quark sector 

Given the T' representations for quarks and SU(2) doublets we have 

C q v = YgQ D u RD H s + Y?Q D t R H D + Yft L u RD E D + Y*i L t R H s + 

+ Y*Q D d RD H s + Y?Q D b R H D + Yfb L d RD H D + Yfb L b R H s + h.c, (6) 

where H = %a%H* . Once the scalars acquire vevs we obtain the following mass matrices: 

\ 



1 Y£\ 



M, 



u.d 



Y-u,d 
s v s Y x v 2 







u,d 



Y 2 V 2 Ye' V. 



(7) 



S V s ) 



2 This is an assumption. A complete analysis of the scalar sector is beyond the scope of this paper and 
will be presented in a future publication. 
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where each entry depends on both the values of the vevs and the Yukawa couplings. We see 
that these matrices can be parametrized as 



A u4 



M u4 



\ 



-A Ui d B Ut d 
D u d C u d 



(8) 



These matrices are similar to those found by Fritzsch for a three family model [27J (see 



also 



13[). Following that analysis and taking C u4 = Uud m tfii we rewrite the mass matrices 



above in terms of the quark masses and free parameters y u4 13|, |28 | 



where 



M u<d = m tjb 



q u ,d/yu,d 

-q a ,d/yu,d o b u4 
d u,d yld J 



(9) 



2 "^u,dT^c,s 
Qu,d = 



m 



2 ' 
t,b 



(10) 



Pu,d 



m l,d + m ls 
1 ' 



(11) 



ipu,d+ l -yt d + R u, 



Qu,d 

y u ,d 



(12) 



lp u4 + 1 - y u d - R Ut , 



Qu,d 

y u ,d 



(13) 



Ru,d = ((1 + Pu,d - y Ujd ) - 4(p u ,d + q Ujd ) + 8q Ujd y u4 ) 



2 ,,2 \l/2 



(14) 



and where M u d are matrices with real entries obtained from the phase factorization of 



M, 



a.d 



through 



M, 



u,d — Pu,dMP* d 



(15) 



with P u4 diagonal phase matrices such that P = P.^Pd = diag(l, e l/3u ' d , e m "- d ). 



5 



The free parameters are then y u ,d, &u,d, and Usd , and the CKM matrix is given by 

Vckm = T u PO d , (16) 
where the Ujd matrices diagonalize M^ d via, 



Ol 4 M u4 M^ d O u4 = diag(mL, m* m 



Lb) 



(17) 



Using the values y u = 0.9964, y d = 0.9623, a ud = 1.9560, and (3 ud = 1.4675 we obtain 



( 0.974386 0.224853 0.00363 \ 



Vckm = 0\PO d 



0.224723 0.973587 0.0403354 
0.00844 0.0396092 0.99918 



in perfect agreement with the experimental data 29] 



V, 



CKM 



0.97428 ± 0.00015 0.2253 ± 0.0007 0.00347^;^^ 



0.2252 ± 0.0007 0.97345^;^ 



041 n+ 0011 



0.00862 



+0.00026 
-0.00020 



0.0403i°;°oo7 0.999152+ a000030 



-0.000045 J 



(18) 



(19) 



B. Lepton sector 



The analysis made for the quark sector extends directly to the charged leptons. The mass 
matrix can then be written as before (see Eq.Q): 



Mi = m T 



( a; 0^ 

-on hi 
\ di yf J 



(20) 



Calling Ui the matrix that diagonalizes Mf, and using the values for the charged lepton 



masses taken from 



291 ] . we obtain 



Ui 



V 



0.997042 0.0768522 -0.000382008 
0.0624654 -0.813271 -0.578522 
-0.0447713 0.576787 -0.815667 



\ 
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(21) 



with yi = 0.9 and = = 0. 

For neutrinos the situation is different. We are assuming that neutrinos are Majorana 
type and that their masses can be induced by radiative corrections, thus making them light 



naturally 



9] 



In absence of right-handed neutrinos the only possible mass terms for left-handed neutri- 
nos are Majorana mass terms. The simplest mass term in this case, without the introduction 
of scalars with non trivial SU(2) representations, is the dimension five operator with form 
C oc Vj}l^-- Although this term is non-renormalizable, it may be induced by radiative 
corrections if we introduce a scalar field that breaks lepton number (provided there are at 



least two SU(2) Higgs doublets js|). This is why we have introduced the fields h s and hP 
in our renormalizable model. 

In order to see how this works, consider the following example: A two Higgs doublet 
model with SM fermion content and an additional scalar field h with charges (1, —1) under 
SU(2) x U(l)y and lepton number L = 2 {{J Q. The Yukawa couplings of h are 



C m = K ab e ij {LiyL)h} + h.c. , (22) 

where i,j are SU(2) indices, a, b are family indices, n ab = —n ha from Fermi statistics, and 
Li denotes the SU(2) lepton doublets. If there are two (or more) Higgs doublets, there will 
be a cubic coupling term like 

C>HHh = ^apCijH^Hjh + h.c, (23) 

with \ a p = —X/3 a , and a, (3 = 1,2. This term explicitly violates lepton number and allows 
the generation of majorana masses for the neutrinos. 

Notice that Eqs. ( 122]) and (T23]) (together with the usual Yukawa term from the lepton 
sector) lead to the diagram shown in figure [1] that contributes to a Majorana mass term as 

M ab = (-1)K m a 7T^— 2 lo S — r> 24 

where denotes the charged Higgs mass and rrih the mass of the singlet field h. 3 Thus, 
the total contribution, including the diagram with v\ and interchanged (which has the 
same form as in (|24j) but with a -h- b) is 

ab f 2 2^ A 12^2 1 1 , rn 2 H 
m ab = k {m b -m a ) tt^I - 2 2 lo S 



vi (47r) 2 m 2 Hl 



2 9 
m h m h 



K a \mt-ml)^F(rnlm%), (25) 



3 We note that this is not yet in the scalar mass basis since the H°H + h~ term induces mixings between 
H + and h~ However, we expect tjih << mh, an( l work in the approximation that treats nih and mjjj as 
the physical masses. 
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with 







F &y) = 1R 2 1 lQ g-> ( 26 ) 

lo7r 2 x — y y 



<H 2 ) 



/ 

/ 



_i_ 



\ 



\ 



a a a ^ 

v L / R / l V 



L 



FIG. 1: One loop diagram giving rise to neutrino Major ana mass. 

Coming back to our model, the terms relevant for neutrino mass generation are then 
given by 

C Yuk = Yj?t D R H s + Y 2 L d t r H d + Y 3 L T l%H D + Y t L t t r H s + h.c. , (27) 



C LLh = K mn (LD)c L D h S + K ™^ L Dy Lrh D + K to( Lr )c L D h D + ^ ? (2g) 

C HH h = XiH D H s h D + h.c. , (29) 

where we have omitted SU(2) indices, L = L D © L T denote the left handed lepton SU(2) 
doublets, and £ R = £ R © t r denote the right handed lepton SU(2) singlets (recall that the 
fermion fields transform as 2° © 1° under T'). Eq. (l27|) is the usual Yukawa term for leptons, 
and Eq. flZBD comes from the general term in Eq.( l22i) . with m, n = 1, 2, family indices. 

Finally Eq. (1291) contains the allowed trilinear coupling of h D with the SU(2) doublet 
scalar fields present in the model. Eq. (l29l) represents the explicit lepton number violating 
term involving the scalar fields h s and h D necessary in order to generate majorana masses 
for the neutrinos. 

The resulting non zero neutrino mass matrix elements are then given by 

m UeVe = - K 13 m T ^Y ei ,X 1 V2F(m 2 H , m 2 h ) (30) 

{-n 23 m TT Y eT \iv s + « 13 m TT y r /iT AiW s } F{m 2 H ,m 2 h ) (31) 



m u e u tl — m h>fj,u e 
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m. 



{n^m^Y^X^ - K 32 m MT F er Ait; s + K 13 m Tfl Y T ^\ 1 v s 



+K 13 m TT Y TT \iv 2 } F(m 2 H 



(32) 



m UTUT = {-K 32 m^ e Y Te \iV s + K 3l m e ^Y T ^\iV s } F{m 2 H 



(33) 



Assuming that k ~ 0(1), Ai ~ m# ~ 500 GeV, and noting that Y(H) must be at the 
same scale of mi, then m^ ~4x 10 5 GeV leads to matrix elements of O(eV). The Majorana 
neutrino mass matrix then has the texture: 



( a b A 



6 
c d 



(34) 



where all entries are O(eV). 

The neutrino mixing matrix Umns is obtained by 



Umns — U l U v , 



(35) 



where Ui is the unitary matrix that diagonalizes the square of the charged leptons matrix, 
and U v is the unitary matrix that diagonalizes M v . 



In order to perform the numerical analysis we used the following experimental results 29| : 



sin 2 (2#i 2 ) = 0.087 ±0.03 
sin 2 (2#2 3 ) > 0.92 
sin 2 (2#i 3 ) < 0.15 



(36) 
(37) 
(38) 



and 



Am 2 x = 7.59i°i? x 10~ 5 eV 2 



'21 

? 32 



,m 2 9 = 2.43 ± 0.13 x 10~ 3 eV 2 



(39) 
(40) 



Since the absolute mass scale in the neutrino sector is not known, we use the following ratio 



0.0338 < 



Am 2 x 



Am| 2 



< 0.0288 



(41) 



In order to determine whether the mass matrices in this model can reproduce these results, 
we performed a scan of the complete range in all three angles. Then for each case where a 
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solution consistent with all three angles was found, we computed the ratio in Eq. (1411) and 
selected those solutions that fell within its allowed range. We found that solutions exist 
with the following properties: 

• All solutions have an inverted hierarchy for neutrino masses. 

• There are solutions for all the allowed ranges in #23 and #12 but only for sin 2 (26 l i3) < 
0.012 (see figure [2]). 




FIG. 2: Complete range for #12, O23, and #13 (in radians) that can be obtained with the model 
presented in this paper. All points on this surface represent cases where the mass ratio defined in 
Eq. (|4ip falls in the desired range. 

III. CONCLUSIONS 

We sought to find a renormalizable fermion mass model based on a single discrete group, 
and with the minimum number of additions to the Standard Model. We found that it 
is possible to do so provided that neutrino masses are generated radiatively, and that no 
right handed neutrinos are present. The smallest discrete group that worked under these 
considerations is the double tetrahedral group X". 
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A specific realization of a model is presented. It contains the Standard Model fermion 
content and a scalar sector that involves three SU(2) doublets as well as a set of lepton 
number violating (charged) scalars, needed to give mass to the neutrinos. 

In the quark sector the model leads to a Fritzsch type scenario that is consistent with 
all the existing data. In the lepton sector, the model leads to tribimaximal (and near 
tribimaximal) mixing and an inverted mass hierarchy: it accommodates all existing data in 
both the quark and lepton sectors with sin 2 (26*13) < 0.012. The phenomenology of the scalar 
sector is currently being studied and will be presented in a future publication. 
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Appendix A: Useful information about T' 

The products of T 1 representations are given by 

1®1Z = TZ®1=TZ\/ irrepft 
2 0i± <g> 3 = 3 <g> 2 0,± = 2° © 2 + 



3® 3 = i°ei + ei" 
2 o,± 2 o, T = 3eL 



3©3 



(Al) 
(A2) 
(A3) 
(A4) 



The rules for products between trialities are {±} ® {±} = {=f}, {=f} <8> {±} = {0}, and 
{0} Cg> {0} = {0}. Under charge conjugation, trialities change sign. 
The Clebsch-Gordan coefficients are given by: 



1 ® 2 = 2 





1 


a/3 2 j 




tt/3l;3 


2 




CO 


a/?3;2 


V 



(A5) 



(A6) 
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12 



3® 3 



3 a with < 



-a 2 /3 3 + a 3 f3 2 
y -«i/3 3 + a 3 /3t J 

where a, and /3i denote the entries in the first and second representations respectively. 



aiPx + a 2 (3 3 + a 3 (3 2 
• «i/?2 + ot 2 0i + a 3 (3 3 
' a 1^3 + a 2 /3 2 + a 3 /3i 
' 2a x Pi - a 3 (3 2 - a 2 /3 3 
2a 3 (3 3 - ai/3 2 - (X2P1 



\ 



y 2a 2 /3 2 - a>i(3 3 - a 3 /?i J 



(All) 
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